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Abstract 



> 

o 

■ We use an explicit isomorphism from the representation ring of the 

quantum group U q (sl(N)) to the Homfiy skein of the annulus, to deter- 
mine an element of the skein which is the image of VVn(ci), the mth Adams 
j> ■ operator on the fundamental representation. This element is a linear com- 

, bination of m very simple m-string braids. 

Using this skein element, we show that the Vassiliev invariant of degree 
n in the power series expansion of the U q (sl(N)) quantum invariant of a 

knot coloured by ip m { c i) is t- ne canonical Vassiliev invariant with weight 

t****" ■ (n) 

, system W n o ip^ , where W n is the weight system for the Vassiliev invariant 

of degree n in the expansion of the quantum invariant of the knot coloured 
by ci and ipm^ is the Adams operator on n-chord diagrams defined by 
Bar-Natan 01. 



1 Introduction. 



cr. 

> 

X. 

A motivation for this article and [l], ||| was to investigate the extent to which the 
properties of the Homfiy polynomial and the ?7 g (s/(iV))-quantum invariants are 
determined by the combinatoric properties of Young diagrams. This extends the 
work of Morton |T7[] . The central role of Young diagrams in both the study of 
symmetric polynomials and the representation theory of Lie algebras is described 
in many texts, for example |TB| , 

Quantum groups, introduced by Drinfel'd 0, are 1-parameter deformations 
of classical Lie algebras. We are concerned in particular with the quantum group 
U q (sl(N)). For generic q, Lusztig []T3] showed that the representation theory of 



U q (sl(N)) is isomorphic to that of the classical Lie algebra. Thus the Young 
diagrams play a role in the world of quantum groups. 

The Homfiy polynomial [0, ^TJ is an oriented link invariant which can be de- 
scribed combinatorially in terms of skein relations. We will work with a framed 



3-variable version, X(x,v } s). At certain evaluations of the variables, Turaev p4 
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showed X is the ^(s/(iV))-mvariant of a knot coloured by the fundamental rep- 
resentation. Further, there are patterns in the Homfly skein of the annulus for 
which the Homfly polynomial of the satellite of a knot, at these values, is the 
quantum invariant of the knot coloured by some, higher dimensional, represen- 
tation. Since Young diagrams index these representations, they play an integral 
role in Homfly skein theory. 

The layout of this paper is as follows. Section |] recalls some facts about 
Young diagrams. Section |3] discusses Homfly skein theory. In Sect. f| we recall 
the relevant results of 0, 0. Section |5| constructs the isomorphism between the 
representation ring of the quantum groups and the Homfly skein of the annulus. 
In Sect. H the mth Adams operator of the fundamental representation, ipm(c\) 
is presented. Our main result, Theorem |678| , gives the image of if) m (ci) under 
the isomorphism of Sect. |5] as a linear combination of m very simple m-string 
braids. In Sect. ^ we prove that the Adams operators give rise to canonical 
Vassiliev invariants whose weight systems are defined using the chord diagram 
Adams operators of Bar- Nat an [[J]. 

Throughout, A = Q[x ±x ,v , s ] will be the ring of Laurent polynomials in 
x, v and s and we will denote (s l — s~ l )/(s — s _1 ) by [i]. 

2 The ring of Young diagrams. 

There is a wealth of detail about the features of Young diagrams in many texts (for 
example || [16|]). Many of the properties to the fore in this paper are discussed in 
and we will not repeat them here. However, we use an example to fix notation. 

Let v be the Young diagram (4, 2, 1). The transpose of v is v y = (3, 2, 1, 1). 
The Young tableau T(u) is the assignment of numbers to the cells of v shown 
Fig. [j] and the permutation ir u is defined as tt u (i) = j where transposition takes 
the cell i in T(u) to the cell j in T(z/ V ). Thus n u = (2 4 73 6 5). 



1 
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3\4\ 


5 


6 




7 







Figure 1: The tableau T{v). 

The set of formal A- linear combinations of Young diagrams can be given an as- 
sociative, commutative algebra structure. The identity is the partition (0) and the 
structure constants are taken to be the Littlewood-Richardson coefficients {a^}- 
These can be defined as follows. Let A = (Ai, ■ • • , A&) and fi = (/^i, , ■ • • , /i m ) be 
two Young diagrams. A fi- expansion of A is obtained by first adding fix boxes to 
A, each labelled with a 1. No two boxes can be placed in the same column and 
the result must be a legitimate Young diagram. Then add u>2 boxes labelled 2 
(respecting the same rules) and continue until you have added /i m boxes labelled 
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m. At each stage no two cells with the same label can appear in the same column. 
For any given cell, let rij be the number of cells numbered % above and to the 
right of it (including the cell itself). The expansion is called strict if, for every 
cell, rti > rij whenever i < j. The coefficient a v Xjl is the number of ways v can be 
obtained from A by a strict /^-expansion. This coefficient is also the multiplicity 
of the irreducible ?7 g (sZ(iV))-representation indexed by v in the decomposition 
of the tensor product of the representations indexed by A and /i, however, our 
definition is independent of N. 

It is well known (see for example that the algebra of Young diagrams 
Y is freely generated as a polynomial algebra by the Young diagrams with a 
single column. If we denote the A-algebra of polynomials in an infinite number 
of indeterminates, {cj}j S N, by 7^oo then, since they are both freely generated on 
a countably infinite set of generators, 1Zoo is isomorphic to Y, via the algebra 
isomorphism 



Let 1Z 7v denote the representation ring of the classical complex Lie algebra 
sl(N) (and thus by Lusztig also the representation ring of the quantum group 
U q (sl(N)) for generic q). The elements of the ring are indexed by the elements 
of Y and the following relations hold: 

i) A representation indexed by a Young diagram with a column containing 
more than N cells is G TZ at. 

ii) A representation indexed by a Young diagram with a column containing 
exactly N cells is isomorphic to the representation indexed by the diagram 
with that column removed. 

Thus, we have an algebra homomorphism, p N : Tloo — > TZjy, taking to the kth 
exterior power of the fundamental representation. Any element of TZoo, which 
is sent, by (ft to a single Young diagram, is mapped under p N to an irreducible 
representation. The set of Young diagrams with fewer than N rows is in one-to- 
one correspondence with the irreducible representations. Thus, TZn is isomorphic 
to 7^00/ (cjfe VA; > N cat — 1) and generated by {c\ • • • cjv-i}- 

Let di denote the element of 7^oo whose image under (j> is (/). Then pN^di) is 
the Zth symmetric power of c\. In particular d\ = c\ and d = c = 1. 

Consider the strict expansions of a Young diagram with a single column by one 
with a single row. If we add the cells from the single row to the single column each 
cell must be placed in a different column. Hence, there are only two possibilities; 
one cell is added to the first column and all the others start new columns or all 
the cells from the single row start a new column. The corresponding diagrams 
have the shape of a hook. Since <ft is an isomorphism, we shall use and di 
to denote both the elements of 7^oo and their associated Young diagrams. For 
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Figure 2: The Young diagram //^. 



k, I > 0, write fik,i £ Y for the Young diagram in Fig. ^], with k + I — 1 cells. 
Then, 

[ c k if / = 

Cfcd* = <| <i/ if = (1) 

[ Hk+1,1 + Hk,i+i otherwise. 

Note that fik,i = Ck and that /zi,/ = d\. The following classical result plays an 
integral role in what follows. 



2.1 Proposition. [25 



Let C{X) = ^2(-l) k c k X k and D(X) = ^d^ 1 be formal power series with 

k=0 1=0 

coefficients in Y. These series satisfy the relation C(X)D(X) = 1. 

Proof. Let C(X)D(X) = £~ =0 a m X m with a m = ££Lo(-l)*c fc d m _ fc ■ 

Then a = c^do = 1. For m > 0, 

TO 

a m = l) fc Cfc(i m _ fc 

fc=0 

m— 1 

= + (( — l) fc (A i fc+l,m-fe + /^fc,m-fc+l)) + ( — l)"^™ 



m m— 1 



fc=2 fc=l 
\m-l , 



d m + (-l) m " V m ,i + + (-l) m c„ 

<7 — <f 4- f-i^-Vr - r 1 

u, m u, m ^ ±^ y ^to ^rnj 

0. 



Let Cat(X) denote the polynomial obtained from C(X) by taking coefficients to 
lie in IZn- Thus, Cn(X) = 1 — ciX + • — h (—1) n cnX n . This polynomial can be 

N 

formally factorised as Cn(X) = TT(1 — XiX) and each Ck G 7£/v can be written, 
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formally, as the kth elementary symmetric function in {xi\f =l . For example, 

N 

ci = ^J x «- The algebra TZ^ can, therefore, be presented as the quotient of 

i=i 

the algebra of symmetric polynomials in N variables by the ideal generated by 
the cjv — 1- However, for the purposes of this paper if we wish to work with a 
particular degree of polynomial, we can choose N large enough so that we do 
not need to be concerned with this extra relation. Under this interpretation, d\ 
becomes the Zth complete symmetric polynomial (the sum of all the monomials 
of degree I). Both the set of elementary symmetric polynomials and the complete 
symmetric polynomials generate the algebra of symmetric polynomials. In Sect. f| 
we shall give skein theoretic version of both these generating sets. We then go 
on to give skein theoretic version of a third generating set, the power sums. 

3 The Homfly skein. 

We give a brief description of skein theory based on planar pieces of knot-diagrams 
and a framed version of the Homfly polynomial. The ideas go back to Conway 
and have been substantially developed by Lickorish and others. A fuller version 
of this account can be found in jl7|, [§. 

We shall work with the framed Homfly polynomial X . This is an invariant 
of framed oriented links, constructed from the Homfly polynomial by setting 
X(V) = (xv^ 1 )^^ P (L) , where uj(D) is the writhe of any diagram D of the 
framed link L which realises the chosen framing by means of the 'blackboard 
parallel'. With the normalisation that X takes the value 1 on the empty knot, X 
is uniquely determined by the skein relations in Fig. 



x - i x(X) -xAf(X) = *( Km = ( xv ~ 1 ) x (n ■ 

Figure 3: The framed Homfly skein relations. 

Let F be a planar surface and consider diagrams in F consisting of oriented 
arcs joining any distinguished boundary points and oriented closed curves, up to 
regular isotopy. They carry the implicit framing defined by the parallel curves 
in the diagram. Define the framed Homfly skein of F, denoted by S(F), to 
consist of linear combinations of diagrams in F modulo the skein relations in 
Fig. [| A detailed description of the general theory appears in |L7| but here we 
are interested in three specific cases. 

When F is the whole plane M 2 then S (IR 2 ) is just the set of linear combinations 
of framed link diagrams, modulo the skein relations. Every diagram D represents 
a scalar multiple, namely X(D), of the empty diagram. 
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Let R™ = I x I be the rectangle with n distinguished points on its top and 
bottom edge. We insist that any arcs in i?" enter at the top and leave at the 
bottom. Diagrams in R™ are termed oriented n-tangles, and include the case of 
n-string braids. 

Originally defined by Elrifai and Morton ||, for each permutation 7T G S n 
there is an n-string positive permutation braid (which we shall abbreviate to 
p.p.b.), uj n , uniquely determined by the fact that it is the minimal length braid, 
with all crossings positive, which joins the point i at the top to 7r(i) at the bottom. 
The negative permutation braid(n.p.b.) ZJ n is defined in exactly the same manner, 
except that all the crossing are negative. Morton and Traczyk |2(J proved that 
the the n! n-string p.p.b.s are a linear basis for S(R™). 

The skein forms an algebra over A with multiplication derived from the con- 
catenation of diagrams: write ST for the diagram obtained by placing S above T. 
The resulting algebra is a quotient of the braid-group algebra, shown in PD[ to 



be isomorphic to the Hecke algebra H n of type A, with the explicit presentation 



z o-j : i = l,...,n 



1 n 



a i a j = OjOi : \i - j\ > 1 
x~ l o~i — xa^ 1 = z , 



where <7j denotes the p.p.b. with permutation [i i + 1). 

A wiring W of a surface F into another surface F' is a choice of inclusion of F 
into F' and a choice of a fixed diagram of curves and arcs in F' — F whose bound- 
ary is the union of the distinguished sets of F and F 1 . A wiring W determines 
naturally a A-linear map S{W) : S(F) — > S(F'). 

We can wire the rectangle R™ into the annulus as indicated in Fig. ^, this being 
our third surface. The resulting diagram in the annulus is called the closure of 




Figure 4: The wiring of S(R%) into S(S X x I) 

the oriented tangle. We shall also use the term 'closure' for the family of A-linear 
maps from the Hecke algebras H n to the skein of the annulus induced by this 
wiring. 

The skein of the annulus, S{S 1 x /), itself forms an algebra, the product given 
by stacking the annuli one inside the other. This is obviously commutative (lift 
the inner annulus up and stretch it so that the outer one will fit inside it). Write 
C for S{S 1 x /) regarded as a A-algebra in this way. Turaev [2^] showed that C 



is freely generated as an algebra by {A m , m e Z}, where A m is the closure of the 
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p.p.b. for the cycle (12... \m\) and depending on whether m > or m < 0, we 
take the closure to be oriented in the same or the opposite sense to the core of the 
annulus. (For an alternative account see Hoste and Kidwell Hlfifl .) For example 




The identity element of the algebra, Aq, is represented by the empty diagram. 
The sub- algebra C + , spanned by the closures of oriented tangles using the wiring 




Figure 5: The braid which closes to A± m G C. 

shown in Fig. ^, is freely generated by {A m : m > 0}. Set C^ 1 ' to be the linear 
space generated by all closures of n-string oriented tangles (i.e. the image of 
S(R%) under the wiring of Fig. The set of monomials (A^Y 1 (A i2 ) j2 ■ ■ ■ (A ip ) jp 
where ik, jk £ IN and Ylk=i ^kjk = n forms a linear basis for C^ n \ (Note that the 
number of such monomials is equal to the number of partitions of n.) Thus, the 
algebra C + is graded by weighted degree, C + = ©^1 . 



4 Idempotents. 

In [0, we adapt the construction of Gyoja (similar to that of Young sym- 
metrisers) to construct an idempotent element of S(R™), for each Young diagram 
with n cells. Our building blocks are Jones idempotents |L1| corresponding to sin- 



gle row and column Young diagrams. Equivalent idempotent elements appear in 
the work of Yokota |26|. For completeness, we give the bones of the construction. 



For a full description, see 0, [3J. Define a n and b n to be 



7T ; 



where a = —xs~ l and b = xs are the roots of the quadratic relation in H n and 
1{tt) is the length of the permutation ir (which is equal to the writhe of the p.p.b. 
cov). In diagrams, we will represent the element a/ by a white box labelled I and 
by a shaded box labelled k. A tensor product sign will denote the juxtaposition 
of two oriented tangles. The elements ai and bk have the following properties. 
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4.1 Lemma. p| 



Let <f) a and 0& be linear homomorphisms from S(R™) to the ring of scalars A 
defined by a (<7j) = a and <j)b{&i) = b. Then for all T e <S(i2"), 

a n T = Ta n = <p b {T)a n , b n T = Tb n = <p a {T)b n . 



4.2 Lemma. @ 

In we can decompose ai into a linear combination of terms involving aj_i: 

2-2 

a; = a^i <g> ai + ^(x _1 s) l+1 a^-ierj_ierj_ 2 • • • erj_i_i 

i=0 



TT 



1-2 



i+l 



i=0 



Z-7 










y 



Similarly, 



fc-2 



&fc = b k -i <8> 6i + E( _x ls bk-icrk-io-k-2 ■ ■ • Cfe-i-i 



i=0 
fe-2 



l„-l\t+l 



i=0 



Equally we can decompose a; and bk from above (turn the pictures upside down). 



We now define a quasi-idempotent element e\ for each A G Y. Assign a 
braid string to each cell, ordered by the tableau T(A). On the strings in the 
ith row of A, we place a\ t . We will denote this linear combination of braids by 
E\(a). Similarly define E\(b), replacing ct\ i by b\ v For example, if v — (4,2, 1) 
then E v {d) = a 4 (g) a 2 <8> ai- Define t\ = Ex(a)uj nx E\v (ft)aC 1 , where tt x is the 
permutation defined in Sect. |2]. The element e v is shown in Fig. [| 

4.3 Theorem. 0, § 

The e\, |A| = n, are quasi-idempotent, mutually orthogonal elements of S(R™) 
i.e. e\ = a\ t\ for some scalar ot\ and for A ^ /i, eAe^ = 0. We will denote the 
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Figure 6: The quasi-idempotent e u . 

closures of the genuine idempotents, l/ac\ e\, by Q\ G C + . The Q\ form a free 
A-basis for C + . The value for a\ is given by the formula 

a x = J]V ontent [hook length] = ] [ ^[A* + Aj - % - j + 1] 

cells (*j)£A 

Denote the U q (sl(N)) invariant of a knot K coloured by the representation V by 
J(K; V). Let C be a framed knot and let S be the satellite C * Q\. Set to 
be the evaluation of X at x = s -1 ^ and v = s~ N , where s 2 = g. Then, 

J(C;F A ) = ^ V (5'). 



A subtle point (discussed in detail in |l9| ) is that we require l/at\ G A and 
so we must extend the scalar ring so that the quantum integers can be inverted. 
From now on, we shall assume that this is the case. As they will be used in 
the proceeding sections, we give the values of the scalar a for the hook shaped 
diagrams explicitly. For these Young diagrams, it is quite simple to calculate 



a^ k t directly using Lemma 



a 



s m-i)-k(k-i) ) /2 [k + l _ 1][k _ 1]l[l _ 1]L 
5 An isomorphism from to C + . 

We next describe an algebra isomorphism from TZoo to C + . We then demonstrate 
a generating set for C + by considering the image, under this isomorphism, of the 
Adams operators of c±, which generate 7^oo as an algebra. 

To improve notation marginally, we shall adopt e^i to denote the quasi- 
idempotent associated to the Young diagram //^. Similarly we will write Qkj 
and rather than Q^ k ; and a^ k t . 
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5.1 Lemma. 

The element Qk,i is an element of C^ k ' and can, therefore, be expressed as a 
weighted homogeneous polynomial of degree k in the A m with k > m > 0. The 
coefficient of Ak in Qk,i is (— x -1 ) /[&]!. 

Sketch proof. Since Qk,i is the closure of a linear combination of diagrams 

in S(R k .), Qk,i is an element of C^ k \ and thus weighted homogeneous of degree k, 
in terms of the A m . 

It can be shown by induction that (— x~ l ) k ~ l s~ k ^ k ~ l ^ 2 \k — 1]! is the coefficient 



of Ak in bk- For the induction step, apply Lemma |4.2| to bk to obtain the term 
bk-i <S> 1 and a sum of fc-string diagrams involving bk-i- The term bk-i (8> 1 has A\ 
as a factor thus, the monomial Ak will not appear in this expression. Repeated 



application of Lemma [O] to each of the remaining terms, along with some book 
keeping finishes the step. Dividing by we obtain the coefficient of Ak in Qk,i 
as {-x- l f- 1 J[k\. ' ' ' u 

5.2 Proposition. 

Define the algebra homomorphism 9 : IZoo — ► C + by 9(ck) = Qk,i VA; G IN. The 
homomorphism is an algebra isomorphism. 

Proof. The ring 7^oo is defined to be the free algebra generated by Ck, 

k G IN. Hence, the homomorphism # is an isomorphism if we can show that the 
elements Qk,i freely generate C + as an algebra. 

Recall that {A m : m G IN}, freely generate C + as an algebra. By induction 
on n, we will show that A n can be expressed in terms of the Qk,i, for < k < n. 
and thus, {Qk,i '■ k G IN} generates C + as an algebra. 

For n — 1, we have that <5i,i = A X) and we are done. 

For n > 1, assume that we have an expression for v4 m in terms of the Qk,i 
for all m < n. It follows from the definition of that Q nj i G C^. Therefore, 
there is an expression for Q n ,i in terms of monomials of weighted degree n in the 
A m . The monomials of weighted degree n can be indexed by the partitions of n, 



hence, by Lemma |0 



f_ x —l\n—l 

Qn,i = j— i A n + y P\A\ 1 A\ 2 ■ ■ ■ A\ 

|A|=n 

for some scalars f3\ G A. Thus, by the induction hypothesis, since the coefficient of 
A n is invertible in A, we can write A n in terms of the weighted degree n monomials 
in the Qk,i, k < n. Thus, these monomials generate as a A-module. This is 
equivalent to saying that the Qk,i generate C + as an algebra. 

It remains to show that C + is generated freely by Qk,i, k G K. We have 
just shown that the set of monomials Q^^Q 3 ^^ • • • Qj™,i f° r which Y^=i hJp = n i 
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generate as a A-module. By definition, C^ 1 ' is freely generated by the set of 
weighted degree n monomials in the A m , which is a set with the same cardinality. 
Therefore, since A is commutative, the monomials in the Qk,i of weighted degree 
n form a free A-basis for & n \ It follows that {Qk,i '■ k G IN} generate the algebra 
C + freely. 



5.3 Lemma. 

Let e kj i denote the closure of e k j in C + . The following relation holds : 

s l [l]e k+ltl + 8~ k [k]e k ,i+i = s l ~ k [l + k]e lt ie k>1 . 

Proof. For simplicity, we draw the oriented tangles which are wired into 

C + , as shown in Fig|j. However, since we are working in C + , we can slide a piece 
of diagram off the top of a diagram and reintroduce it at the bottom without 
loss. All strings are assumed to be oriented from top to bottom, unless indicated 
otherwise. Applying Lemma L2 to e^+i^, 



e k+l,l 





Since we are working in the skein of the annulus, by Lemma |H 

/ 



k-l 



+ E 



i=0 



'k-l 



"ME 



,-2i-l 
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Using the same techniques on e k i+i we obtain 



e k,l+l 









I I 












II - l ITT 

Hence, eliminating the term on the far right, 

s l [l]e k+ ij + s- k [k]e K i +l = (s l [l] + s~ fc [ k]) e M e M = s l ~ k [I + k] e u e M 



5.4 Proposition. 

The idempotents Q k ,i satisfy Q k +i,i + Qk,i+i = Qk,\Q\,i- 



Proof. 



Substitute e k i = a k iQ k i into Lemma 5.3 



5.5 Corollary. 

Let Qc(X) and Qd(X) respectively, denote the formal power series 

oo oo 

Qc(X) = J2(-l) k Q k ,iX k and Q D (X) = ^ Q hl X l . 

k=0 1=0 

(These formal power series can be thought of as C + -versions of the formal power 
series C(X) and D(X), defined in Prop. |2.1| .) Then Qc(X) is the inverse of 
Qd(X), 

Qc(X)Q D (X) = 1 . 

Proof. Since Prop. |5.4| echoes Eq. (|]), the proof of Corollary |5.5| is analo- 

gous to that of Prop. EO. 



We next demonstrate that 0(fi k j) = Q k j. (In fact it can be shown that for 
any Young diagram A, #(A) = Q\, and that the Q\ form a linear basis for C + , 
but we do not need this here. Details can be found in 0.) First, we prove the 
following lemma. 
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5.6 Lemma. 

The image of the Young diagram (I) under 9 is Qij. 

Proof. The proof goes by induction on the number of cells. We know that 

di = ci, therefore 9(di) = 9{c\) = 

Assume that we have the result for di, for i < m. By Prop. |2.1| , for m > 1, 
X]fcLo( — -'-) fccfc ^ m - fc = 0- Since 9 is an algebra isomorphism, this implies that 

m 

0(dm) = Y.i-^'^kWm-k) • (2) 
k=l 

By Prop. [575] and the induction hypothesis 

m m 

= ^(-l) fe Q M Qi, m _ fc = Qi, m + ^(-l)*0(c fc )^m-*) 

k=0 k=l 

= Qi,m-0{d m ) by Eq. (@). 



5.7 Proposition. 

For fc, I > 1, the image of fik,i under 9, is Qk,i- 

Proof. By Lemma. |5.6| , 9({iij) = 9{d{) for / G N. This provides the base for 

an induction on the number of cells and the length of the first column. Assuming 
the result for all hook shaped diagrams with fewer than m cells or m cells and at 
most k cells in the first column, 

(/Xfc+i.m-fc) = 9{ckd m -k) ~ 0{nk,m-k+x) by Prop. [57^ 

= Qk,i Qi,m~k - Qk, m -k+i by the induction step 
= Qk+i, m -k by Prop gTj , 



as required. H 
6 Adams operators. 

Recall that we can express the elements of IZn as symmetric polynomials in iV 
variables. It is well known that the power sums Yli x Ti Tn E ¥1, generate the 
algebra of symmetric polynomials. Thus, the images of these power sums under 
9, will give us an alternative generating set for C + . We give an expression for the 
mth power sum as a sum of m closed braids in C + . An advantage of these power 
sums over the Qk,i is that the number of braids in their expressions is linear 
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rather than factorial in the number of strings and all the braids are reasonably 
simple. Recall the definitions of Cat and p^ from Sect. |2j. 

The Adams operators, {VVnj-mgJM", are a family of 7?.Ar-endomorphisms, defined 
by their images on the Xi (despite the fact that the Xi are just a formal device 
and are not elements of 71 n), 



Hence if) m (ci) = Yl x™ is the mth Newton power sum. As a polynomial in the q it 
is independent of N, i.e. there is a polynomial (3 m (c) G TZoo with p^ifim) = ipm(ci) 
for all N. 

6.1 Proposition. 

The following identities hold for ip m (ci), 



in 



^m(ci) = p N I l kc k d m ^ k J = p N I V*,m-k+i 

\fc=l / \k=l , 

Proof. The function ln(C(X)) has formal power series expansion 

oo 

ln(C(X)) = ^/Uc)X m 

m=i 

where /3 m (c) denotes a polynomial in the c k . Differentiating ln(C(X)) with re- 
spect to X, we get 

^ = C'{X)D{X) = £ mPm(c)X™-' . 

^ ' m=l 

By comparing coefficients it follows that 



m/3 m (c) = ^2(-l) k kc k d m _ k 

k=l 
m—1 

^ ((-l) fc /c(/i fc+ i im _ fc + fi k ,m-k+i)) + (-l) m m/i mi i 

k=l 

m—1 m 

(-l) m m// m>1 + ^(-l)*A;/i fe , m _ fc+1 + ^(-l)*" 1 ^ - 

k=l fe=l 
m—1 

—^l,m + (~ l)"Vm,l + yj(~l)Vfc,m-fc+l 

m 



k,m— k+1 

k=l k=2 
m—1 



k=2 



;,m—k+l 

k=l 
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For each N we have that 

N oo N m oo , i \ 

i=l rra=l i=l m=l 

Now ln(Cjv(X)) = p7v(hi(C(X))), therefore, ip m (ci) = — pjv(m/3 m (c)), as re- 
quired. 

Since these formulae are independent of iV, for most purposes we can treat ip m (ci) 
as if it were an element of 7^00. 

6.2 Lemma. 

Let = E^iV-m^OX™- 1 . Then 

*(X) = -C"(X)L>(X) = D'(X)C(X) . 
Proof. From Prop. |6.1| we know that 



9{X) = - -jL ln(C(X)) = -C'{X)D{X) . 



It remains to note that, by Prop. |2.1| 

D'(X)C(X) = (-Lj) C(X) = Z §^C{X) = -C\X)D{X) . 

■ 

Strickland and independently Rosso and Jones [22], proved the following 



formula for the ^(s/(X))-invariants of torus knots. However, the independence 
of the result from the knot K implies that the relation also holds directly in IZoo 
(and via 9 in C + ). 



6.3 Theorem. 22, 12 



Let m and p be coprime integers. Let K^ m ' pS) denote the (m, p) cable of the knot 
K. Then if ip m (cx) = J2 T eY ^ r tnen 

J(^); Cl ) = ^/3 r ^/ m J(K;r). 

r 

where the (m,p)-cable of K is the satellite of K with pattern the pth power of 
the tangle 



vV i 

<— m — > 

and / r is the framing factor associate to r and J(i^; r) is the U q (sl(N)) invariant 
of K coloured by r. ■ 



By Prop. |6.1| and Theorem setting p = 1, we obtain the following corollary. 
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i 



6.4 Corollary. 

m 
fe=l 

where fk, m -k+i is the framing factor of the Young diagram fJ, k ,m-k+i- ■ 

Originally calculated in |)TB| , the framing factors for U q (sl(N)) calculated via 
skein theory || are given by 

where n x = ^ Af - ]Cj(Aj) 2 - For n k>m _ k+1 , n Km _ k+1 = m 2 - 2mk + m. Note 

that, since fik,m-k+i has m cells, f k m m _ k+l contains only integer powers of x, v and 
s. We can obtain a similar expression for the closure of the m-string n.p.b., A m , 
by replacing s, x and v by s -1 , x _1 and t> _1 respectively in the formula for A TO . 
To see this substitute p = — 1 in Theorem and note that in C + the closure of 
o\o 2 ■ ■ ■ cr m -i is equivalent to the closure of <7 m _i<7 m _ 2 • • • (J\. 

6.5 Proposition. 

The following equalities hold: 



in 



A m = x m - l Y,{-^ k ' 1 s m - k [k]d{c k d m . k ), (3) 

k=l 
m—1 

A m = x-^Y.i-^^-kWkdm-k). (4) 



k=0 



Proof. By Cor. 6.4 



in 



A m = X-'v^i-^'^V-^-^e^m-k+l) 
k=l 

m 

= J2(- 1 ) k ^ Xm ' lsm ~ 2k+le (^rn-k+l) 
k=l 

m m 

= x m - 1 ^(_i)^i s ™-2fe+i j2(-iy~ k o(cid m _ 

k=l i=k 
m i 

1=1 k=l 

m / i \ 



8=1 \fc=l 
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m—i J 

( 1 - .s~- ) 

1=1 
m 

m- " 



i=l 



This establishes Eq. |. For Eq. |, note that Y.7=o(~ l ) id ( c i) d ( d m-i) = by 
Prop. |5ll therefore, 



A m = A m + ^(a; m - 1 [m]^(-l) l Qci m _ i ) 

i=0 

m 

= [m]x w -^( Co d w ) + J™" 1 ^(-lr 1 ^" 1 "^] - [m])#M m _,) 

i=l 

m /m—i \ 

= [m]x m -^(c oC / m ) + x m ~ l ^(-l) 1 ]T s- m - 1+2A 6{ Cl d m -i) ■ 



Then 



i=0 \fc=l / 

m 

i=0 
m— 1 



x v 

i=0 



We define $ + (X) and $ (X) to be the formal power series 

oo oo 

$ + (X) = ^A m X m ~ 1 and $-(X) = ^Z m X m ~ 1 . (5) 

m=l m=l 

We also define "quantum derivatives" of C(X) and D(X), 

oo oo 

C" ? (X) = j^-l)*^**- 1 and L>' 9 (X) = ^ [ZRX'- 1 . 
fe=i z=i 
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6.6 Proposition. 

The following three identities hold: 

$+(X) = - 6 (C q {xX)D{xsX)) , 

= 6 ( C(x-\sX)D' q (x- l X) ) , 
®~{X) = -6(C' q {x- 1 X)D{x- 1 s~ 1 X)) . 

Proof. The first two identities follow automatically from Prop. |6.5| . To see 

the third identity note that, by Prop. IO, 



J2^ m+1 H ^(-i) fe c fe rf m _ fe i" 1 - 1 = o. 



m=l \k=0 



We can, therefore, subtract any multiple of the image of this sum under 9 from 
$-(X). Hence 

oo m 

m=l fc=0 
oo m 

= J2 x ~ m+1 £(-i) fc (s*[^ - fc ] - H)0M m -*) i" 1 " 1 

m=l fc=0 
x m / „m „—m+2k „m _i_ _— m\ 

= E^'E^n- — a _ a -i U^ir- 1 

m=l fc=0 ^ ' ' 

oo in / k i — k \ 

= E E(- 1 )" S ~ m+fc ( ~ S 3 _ 3 -l ) d ( C ^m-k) X™- 1 

m=l fc=0 ^ 1 ' 

oo m 

= E x ~ m+1 J2^- 1 ) k ~ ls ' m+k ^ e ^ d ^ xm ~ 1 ■ 

m-l fc=0 

The third equation now follows by comparing the coefficient of X m ~ x above with 
that of X m ~ l in 9 ( C(x~ l sX)D' q (x~ l X) ). 

Let Ajj be the closure of the braid below in C + , with z positive crossings and 
j negative crossings (so A m = A m _ li0 and A m = Ao, m _i). 



(1 



►7* -I- 
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6.7 Lemma. 

Let 



Pm = X™' 1 \\V \ + X m ~ 3 \\V\\ + X™- 5 « + ••• + X- m+3 %A + X~ m+l \ 

\ </\X\ \X i/iii VW iAV i/A 

m l 



^T-ijm— 1- 



=0 

m— 1 



Then P m = J2( s - s- 1 )^" 1 - 1 -^^^-!-* + mx ro -%, ro _i. 
fc=i 

Proof. The method here is to switch and smooth the positive crossings in 

the braids using the skein relation. Numbering the crossings from bottom left to 
top right on the diagrams, we start with the (to — l)st (positive) crossing. 

p m = x™- 1 ! \ + x m A\\ + x m -W\ + ■■■ + *- m+3 M + x - m+ii 



— X /i 0)m _l 



+X- 1 ( x m -4X + x m - 4 W + ■■■ + x- m+4 \A + x- m+2 \A) 

= X" 1 " 1 ^-! + (S - S-^P^i^o 



W .\\ V/ _\\-VK 



+ x I x m - 2 ^"\ + x m ~ 4 %% + ••• + ^ m+4 \YA\ + x~ m+2 



= 2x m - 1 A , m _ 1 + {s- s-^P^Aov 

+ z m - 3 \\\I + • • • + a;- m+5 M + a;- m+3 \)/\\ . 

i/ XXX XX ^ ^ XX XX /4l H 

Applying the skein relation to the (to — 2)nd crossing we then see that 

P m = 2x m - 1 A , m -i + (s - s _1 )(P m -iA ,o + xP m _ 2 Ao,i) + x ro -M , m -i 
+ weighted sum of diagrams with the (to — l)st and 
(to — 2)nd crossings negative. 



Applying the skein relation to all the positive (to — 3)rd, (to — 4)th, . . ., 2nd 
crossings we finally arrive at 

m— 1 

p m = (m-i) a rVi + (s-OEi m " w nv*-i+""'- :! 

fc=2 
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m— 1 

\ m — i a / — 1\ 

m 

k=2 



(* m ~i\\ 

m— 1 

(m - ljx^Mo,^! + (s - s- 1 ) ^ x m - l - k P k A, ;rrM 

k=2 

+{s- s- x )P x A , m _ 2 + xx m - 2 A ^_ x 

m— 1 



fc=l 



6.8 Theorem. 

The image of the mth Adams operator of the fundamental representation in the 
skein of the annulus C + , under 6, is a scalar multiple of 

Pm = Z m_1 \V\ + ^ m " 3 \W'W + ^ m_5 \\\l + • • • + X- m+3 \W + X 



m-1 \\\...\ + x m-3 \\V..\\ + x m-5 l\U>\ + . . . + ^-m+S \Y/\\ + x ~m+l\ 

namely, 

P m = [m]0(^ m (ci)) . 

Proof. The proof goes by induction on m. For m = 1 we have P\ = c\ and 

^i(ci) = c x . 



Now, assuming the result holds for all k < m, we can apply Lemma q7\ to 
obtain the following, 



m— 1 

^ m = J> - s- l )x m ~ l - k P k A Qj7n ^_ k + m^'V, 



k=l 



Therefore, by the induction hypothesis, 



m—1 



Pm = ~ ^ fc )x m - 1 -^(^(Cl))A , m -l_ fc + mX m -%, m _! . 



k=l 



Using the definition in Lemma |6.2| and Eq. ((g) it can be shown that 

771 — 1 



Y^x m - l ~\s k - s- k )6(Mci))A , m -k 



k=i 
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is the coefficient of X m 2 in 

s6(V(sX) ) $-(xX) - s- l 6 (*(s _1 X)) $-(xX) . 
Applying Lemma ^T2] and Prop. |6.6| 



s9(^(sX))^-(xX) - ^^(f^X)) r(iX) 

= s6 (-C'{sX)D{sX)C{sx- 1 xX)D' q (x- 1 xX)) 

+s~ 1 9 (D'{s- 1 X)C{s- 1 X)D{x- 1 s~ 1 xX)C' q {x- 1 xX)) 
= 6 {s- 1 D\s- l X)C' q (X) - sD' q {X)C\sX)) by Prop.^. 

We will denote the preimage of the coefficient of X m ~ 2 in this expression by g m -2- 

m— 1 m— 1 

9m-2 = ^(-l) fc [A;](m - k)s k - m c k d m - k - ^(-l) fc [m - k}ks k c k d m _ k . 

k=l k=l 

The coefficient of c k d m - k in g m -2 is 



-l) k I (m - k)— f — - - k 



( g—m+2k s~ m ) ( S m g—m+2k^ 



S — S~ x S — S _1 



(-l) fe ( ms~ m+k [k] - k- 



s — s _1 



(-l) k {ms- m+k [k] - k[m]) 
(-l) k ms- m+k [k] + (-l)*" 1 ^™] • 



Recall that Ao, m -i = ^4m and add back on the term mx m 1 6 , (y4 0jm -i). By 
Prop. |6iS| , 

'to— 1 



^ = e( Y,y i ) k ( ms ~ m+k \ k ]- k \ ml \) c kd m -k 

to— 1 

+ m ^2(-l) k s k [m - k]c k d. 



m—k 

k=0 



™ 1 / / Q k—m „— fe— m I Q m~k „fc— m\ 

e ( ( ms - — f — - - k W ) 



+ m[m]c <i r , 

6 1 ^(-l) fe (m[m] - /c[m])c fc (i m _ fc + m[m]c tZ r , 



'TO— 1 



,fe=l 
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k=l 



9 ( M ^(-l)*- 1 ^^ - {-l) m - l m[m)c m d Q 

m—1 

+ m[m]c c/ m + m[m] '^^(—l) k Ckd n 



9 [m]ip m (ci) + m[m] ^(-1) A ; c fe d m _ fe by Prop. |Q1 



fc=0 



[m]6> (V'm( c i)) + wi[m]0 by Prop. pTT 

[m]0(^ m (ci)) 



7 Vassiliev Invariants. 

One motivation for considering the Adams operators came from the work of Bar- 
Natan || in the context of Vassiliev invariants. He defines an "Adams operator" 
on chord diagrams. We will denote the Adams operator defined on the subspace 
of n-chord diagrams by ipffl ■ Here we investigate the extent to which applying 
our Adams operators to the colour in a quantum invariant upstairs, agrees with 
Bar-Natan's Adams operators on chord diagrams. For a detailed account of the 
theory of Vassiliev invariants the reader is referred to ||]. 

A fundamental result in the theory of Vassiliev invariants is that every degree 
n weight system comes from a type n Vassiliev invariant and this is well defined 
up to Vassiliev invariants of lower order. Further, there is a universal Vassiliev 
invariant Z satisfying Kj(W) = W o Z for each degree n weight system W, so we 
can "integrate" a weight system to get a Vassiliev invariant. In fact, there is a 
preferred choice for Z, which we will denote Z K . This is the Kontsevich integral 
and there are several equivalent constructions for Z K , for example | ]TB"| , [II] . Let 



Zjf be the projection of Z K onto the nth graded piece of the algebra of chord 
diagrams and suppose that V is a type n Vassiliev invariant. We say that V 
is canonical if and only if V = W(V) o Zjf. Let h be a formal parameter and 
suppose V = YlHo Vih 1 is a power series over h where Vi is a Vassiliev invariant 
of type i. We say V is canonical if each of the Vi is a canonical invariant. 

We are interested in canonical invariants for the following reasons. Two canon- 
ical invariants are equal if and only if their weight systems are equal. Equivalently, 
the weight system uniquely determines the canonical invariant. The U q (sl(N))- 
invariant J(K; V\) with A fixed is a canonical power series, when expanded at 
q = e h [00. 

Let D be an n-chord diagram. Following J§ Defn. 3.11], we define ^ ] {D) 
to be the sum of all possible ways of lifting D to the mth cover of the circle. For 
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example, 




7.1 Theorem. 

Let J(K;c\) = Y^Lo^^ De ^ e Vassiliev power series expansion of J(K;ci). 
Take the Vassiliev power series expansion of J(K;ip m (ci)) to be Yl^o Ui(K)h l . 
Then Ui is the canonical degree i Vassiliev invariant with weight system WiOip^. 

Ui = (W(Vi) o o zf 

Proof. By Theorem |6.8| , 

1 1 °° 

[m] [m] 

Assume that K has n double points. Then K * P m can be written as a linear 
combination of singular knots with n double points and V{{K * P m ; c{) = when 
i < n. Further, expanding [m] as a power series in h, [m] = m + 0(h). Thus 

J(K; Vm(ci)) = y—T J(K * P m , Cl ) = - V n (K * P m )h n + 0(h n+1 ) (6) 
[m\ m 

Using the notation of Sect. ^ consider a summand A itm -i_i of P m . Since V n 
is a Vassiliev invariant, 

V n (K * Ai^-i) = V n (K * A i+1 ^ 2 ^) - V n (K * BA , 

where -Bj is a pattern which contains a double point. Since we assumed that K 
has n double points, V n (K * B.j) = 0. By repeated application of this relation, 
we see that V n (K * y4 iim _i_j) = V n (K * A m ), where A m {= A m „i j0 ) is the element 
depicted in Fig. [| Since x = 1 + 0(h), as a power series in h, 

V n (K * P m ) = mV n (K * A m ) + 0(h) . 

Substituting back into Eq. (|^), we have 

j ii 

J(K; i/> m (ci)) = -V n (K * A m )h n + 0(h n+1 ) . (7) 
m 

Equating coefficients of h n , Eq. [7] implies that for a knot with n double points 
V n (K * A m ) = U n (K). Equivalently, for any n > and any knot K, the two 
invariants agree at the weight system level, 

W(V n (K*A m )) = W(U n (K)). 
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The satellite K * A m is a connected m string cable of K. We can think of 
V n (K * A m ) as an invariant of K by taking the composition of V n with the 
cabling map ip m : <p m (K) = K * A m . Bar-Natan |4|] showed that W(V n o (p m ) = 
Wiy n )o-0 and as we commented above, U n is a canonical invariant, therefore, 
for each n > 0, 

U n =(W(V n )o^))oZf. 

■ 

We have shown that the canonical Vassiliev power series with weight system 
W(J(K; ci))o# is the expansion of J(K; ip m {ci))- (By W(J(K\ Ci)) we mean 
the sum of the weight systems for each of the Vassiliev invariants in the Vassiliev 
power series expansion of J(K; ci).) Bar-Natan's result holds in a more general 
context. It says that for any type n Vassiliev invariant V, 

W(V o Vm ) = W(V) o ^ . 

In particular, if we can express ip m (X) as a linear combination of cabling patterns, 
coloured by A, we could prove the following conjecture 

7.2 Conjecture. 

Let J(K; V\) have a Vassiliev power series expansion ^,a^*- Then the canon- 
ical Vassiliev invariant with weight system W-^V^a) ° iprn is the coefficient of h l 
in the Vassiliev power series expansion of J(K; -^ m (A)). ■ 

An obvious guess is that if we colour P m (or some other linear combination 
of the braids in P m ) with A this might work. However, this doesn't work even for 
the simplest case, 1^2(02) ■ In terms of Young diagrams, 

^ 2 (c 2 ) = (4)-(2,l,l) + (2,2). 

We would need the following equation to hold in C + , 

Q(4) — Q(2,l,l) + Q(2,2) = A 

Expressing everything in terms of monomials in {^4m} m6 j\f, we can compare the 
coefficients of each of the five weighted degree four monomials in the A m , and 
so solve for A and B in more than one way. Unfortunately, the answers are 
not consistent. Thus, there is no linear combination of connected 2-cables, P', 
for which J(K; ip2(c 2 )) = J(K * P'\ c 2 ). The pattern for ^2(02) must, therefore, 
involve the 2-parallel and make use of the Vassiliev skein relation, to relate it to 
the connected cablings modulo extra double points. Since (2, 2) is not a hook 
shaped diagram, perhaps this is not too surprising in light of Cor. p^4] 
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